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Circuit Waveguide Electrodynamics with Fluxonium Qubits
Engineering dissipation for �uxonium atoms
Saba Kheviashvili
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract

Fluxonium circuits are emerging as a promising alternative to transmons for quan-
tum information processing. In addition to the standard capacitor and Josephson
junction, a �uxonium includes a superinductor, which suppresses charge noise, in-
creases coherence, and provides large anharmonicity. Its rich transition spectrum,
governed by non-trivial selection rules sensitive to external �ux, enables dissipation
engineering with potential applications that include �uorescence-based resonator-
free readout, electromagnetically induced transparency, and� -systems. Previous
studies have mostly relied on three-dimensional waveguides or cavities, which limit
circuit scalability and integration of elements such as Purcell �lters. In this work,
we fabricate �uxoniums using Josephson junction arrays as superinductors and cou-
ple them to both coplanar-waveguide resonators and semi-in�nite transmission-line
waveguides for comparative studies. We characterize dispersive coupling to res-
onators, demonstrating tunability via external �ux. Using spectroscopy, we identify
transitions among the �rst four energy levels (0-1, 0-2, 1-2, 0-3) in a �uxonium
coupled to a waveguide. We perform power-dependent measurements to extract
coupling rates, which are consistent with theoretical predictions. We identify a pa-
rameter regime where the 0-1 transition is suppressed while 0-2 and 1-2 remain
comparable, providing a pathway to implement a� -system within a single arti�cial
atom. Future device iterations aim to optimize this regime, with the ultimate goal
of realizing a robust single-atom microwave photodetector.

Keywords: quantum technology, qubit, �uxonium, cQED, dissipation engineering,
Lindblad master equation, waveguide electrodynamics
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

cQED Circuit Quantum Electrodynamics
COMSOL COMSOL Multiphysics (�nite-element solver)
CPW Coplanar Waveguide
CW Continuous Wave
DC Direct Current
EPR Energy Participation Ratio
GDS Graphic Data System (layout �le format)
HEMT High Electron-Mobility Transistor
HFSS (Ansys) High-Frequency Structure Simulator
IF Intermediate Frequency
IQ In-phase/Quadrature
JJ Josephson Junction
JJA Josephson-Junction Array (superinductor)
LO Local Oscillator
MXC Mixing Chamber (base stage of dilution fridge)
RF Radio Frequency (microwave)
VNA Vector Network Analyzer
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

� 0 Magnetic �ux quantum (h=2e)

� ext External magnetic �ux threading the loop

� Reduced �ux / superconducting phase across the junction

EJ Josephson energy

EC Charging energy

EL Inductive energy (from superinductance)

L J Josephson inductance

CJ Junction capacitance

L s Superinductance

ji i Fluxonium eigenstate with level indexi

! ij ; f ij Angular frequency / frequency of thei $ j transition

g Atom�resonator coupling rate

� c Resonator coupling (external) decay rate

� i Resonator internal loss rate

� = � c + � i Total resonator linewidth

Qc; Qi ; Q` Coupling, internal, and loaded quality factors

� r Radiative decay rate of a transition

� nr Non-radiative decay rate

� = � r + � nr Total decay rate

S21 Forward transmission coe�cient (VNA)

S11 Re�ection coe�cient (VNA)

Pin Input power at the device plane

I � Flux-line bias current

I 1=2� 0 Bias current for half a �ux quantum in the loop

� Detuning between drive and transition frequency
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Z0 Line characteristic impedance (typically50 
 )

T Temperature (e.g., MXC stage)

~ Reduced Planck's constant(h=2� )

� Three-level� -system

Indices

i; j Indices for �uxonium energy levels

n Photon (Fock) number index

t Time/sample index in acquisitions

k Electromagnetic mode index

b Bias point (�ux/current) index

r Repetition/average index
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1
Introduction

Quantum theory explains nature at microscopic scales where classical physics fails.
It describes everything with quantum state vectors that live in a Hilbert space and
explains phenomena such as entanglement and superposition. Over the past few
decades, these concepts converged into engineered quantum platforms that allow us
to design experiments on single quantum systems and their coherent manipulation[3].
This set the stage for quantum technologies implemented with light-matter interac-
tions arising in superconducting electrical circuits.

Quantized electromagnetic �elds interacting with two-level systems is the study of
cavity or circuit quantum electrodynamics (QED). In circuit QED, light interacts
with arti�cial atoms that are made by replacing an oscillator in an LC circuit with
a Josephson junction (JJ). With high level of impedance control, engineering cou-
pling to exceed dissipation rates has been achieved, which is called a strong coupling
regime.

A superconducting arti�cial atom is an electrical circuit containing one or more
JJs that yields an anharmonic spectrum. The energy scale is set by energy scales:
Josephson energyEJ , charging energyEC , and � for �uxonium � inductive energy
EL . There is a tradeo� between anharmonicity, coherence, and ease of control when
choosing these energy scales. The arti�cial atoms in cQED o�er a promising plat-
form for quantum computation because their properties, such as resonance frequency
and coupling, can be designed and tuned, even in-situ.

Even though it is critical to isolate a quantum system so that it maintains coherence,
carefully engineereddissipation can be useful in quantum technology, for example
for stabilizing desired states and accelerating qubit reset. In the picture of open
quantum systems (often called Lindblad picture, see Fig. 1.1), coupling selected
transitions to baths with tailored rates implements desired quantum state prepara-
tion, stabilization of cat states, and rapid qubit initialization [4, 5, 6]. In circuit
QED, this is realized for example by impedance-matched environments, engineered
Purcell �lters, etc. For �uxonium, dissipation engineering can be achieved as simply
as changing the external �ux threaded in the loop, as it changes the transition ma-
trix elements, e�ectively changing coupling to the environment. This is especially
powerful because coupling to the environment can be tuned even in-situ.

1



1. Introduction

Figure 1.1: Schematic of a quantum system interacting with the environment.

Superconducting �uxonium atoms o�er increased anharmonicity, increased coher-
ence and �ux-tunable selection rules that make them ideal for engineering dissipation
of multilevel atoms. The �uxonium Hamiltonian,

H = 4ECn2 +
1
2

EL (� � � ext )2 � EJ cos�;

captures the interplay of three di�erent energy scales: charging, inductive and
Josephson, while also accounting for external �ux. In the regime whenEL � EJ and
external �ux equals half �ux quantum the potential forms two wells whose lowest
two states constitute the qubit, and this point has been widely used in quantum
computation. However, �uxonium is also appealing for engineering dissipative rates
which is why very recently �uxonium directly coupled to a waveguide was used for
quantum-nondemolition (QND) �uorescence readout [7].

This thesis asks a main question: can we engineer an arti�cial �uxonium atom and
its electromagnetic environment to selectively enhance or suppress transitions that
will realize a � system? We address this question by designing, simulating and
measuring the fabricated devices coupled to planar readout resonators or coplanar
waveguide baths.
The remainder of this thesis is organized as follows:

ˆ Chapter 2 (Theory): Circuit-QED foundations and �uxonium theory, in-
cluding waveguide coupling and the input-output model used later for rate
extraction. This chapter also introduces the selection-rule picture that moti-
vates � -engineering.

ˆ Chapter 3 (Methods): Design (junction choices, array superinductor),
HFSS + EPR simulation �ow, and cryogenic wiring/measurement techniques.

ˆ Chapter 4 (Results): (A,B) Resonator devices: punch-out and �ux-dispersive
checks of functionality; (C) Waveguide device: mapping0� 1=0� 2=1� 2=0� 3
transitions versus �ux, quantitative � r and � nr �ts, and identi�cation of a
� -friendly �ux region.
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1. Introduction

ˆ Chapter 5 (Conclusion): Summarizing the main results in the thesis; Out-
look and next steps.
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2
Theory

This section gives a theoretical background to introduce �uxoniums. We start with
introducing circuit quantum electrodynamics (cQED) with waveguides, general cir-
cuit quantization and arti�cial atoms in cQED. Then we proceed with �uxoniums,
discuss its characteristics and explain how we can characterize the interaction with
the environment.

2.1 Circuit quantum electrodynamics

Circuit quantum electrodynamics (cQED) studies the interaction between supercon-
ducting arti�cial atoms and their environment, particularly the electromagnetic ra-
diation con�ned in a cavity [8]. These systems operate in the microwave domain and
are inspired by cavity quantum electrodynamics (CQED), which studies excitations
that are coherently exchanged between real atoms and quantized electromagnetic
�elds inside optical or microwave cavities [9].
In order to observe coherent interactions, the atom�cavity coupling strength must
exceed the individual decay rates of both the atom and the cavity. This strong
coupling regime was �rst achieved in a circuit QED system in 2004 [10]. Since then,
circuit QED has emerged as a leading platform for building quantum computers
and for exploring a wide range of quantum phenomena. Compared to cavity QED,
circuit QED o�ers several key advantages: greater tunability (even in situ), stronger
light�matter coupling, and superior scalability [11].

Figure 2.1: Basic architecture in cavity and circuit QED: atom coupled to the
cavity

5



2. Theory

2.1.1 Circuit Quantization

The natural way to introduce circuit quantization is to �rst start with a classical
counterpart - LC circuit. We model it as a lumped element circuit [12]. This is valid
as EM �elds used in cQED experiments are of GHz frequencies, corresponding to
wavelengths� � 10mm, and largest components used in the circuits have dimensions
a � 100� m, satisfying � � a. A capacitor is described as an element satisfying
q = CV. It is in series with an inductor with a relation � = LI . We can de�ne a
�ux variable � which is just a time integral of voltage:

� =
Z t

�1
V(t)dt (2.1)

The energy stored in the capacitor is

Ec =
1
2

C _� 2 (2.2)

On the other hand, energy in the inductor with inductance L is

E l =
1

2L
� 2 (2.3)

Following the treatment in classical mechanics [13], we de�ne the Lagrangian:

L(�; _�; t ) =
1
2

C _� 2 �
1

2L
� 2 (2.4)

Where the variable� plays the role of the coordinate. Accordingly, we can think of
capacitance C as a mass, and of1

L as a spring constant.

Figure 2.2: LC Lumped Element circuit comprised of an inductor and a capacitor

The conjugate variable to �ux � is found as usual:

@L
@_�

= C _� = q (2.5)

which is just the excess charge on the capacitor.

H (�; q; t ) = �q � L(�; _�; t ) =
1

2C
q2 +

1
2L

� 2 (2.6)

6



2. Theory

Hamilton's equations of motion read

_� =
@H
@q

=
q
C

; _q = �
@H
@�

= �
�
L

(2.7)

To quantize the modes, we promote classical variables� and q to quantum variables
�̂ and q̂ obeying commutation relation

[�̂; q̂] = i~ (2.8)

The Hamiltonian becomes an operator:

Ĥ =
1

2C
q̂2 +

1
2L

�̂ 2: (2.9)

We now introduce dimensionless annihilation and creation operatorŝa and ây via:

�̂ = � zpf(â + ây); (2.10)

q̂ = � iqzpf(â � ây); (2.11)

where the zero-point �uctuation amplitudes are de�ned as

� zpf =

s
~Z
2

; qzpf =

s
~

2Z
; (2.12)

and Z =
q

L=C is the characteristic impedance of the LC oscillator.
Substituting into the Hamiltonian gives

Ĥ = ~!
�

âyâ +
1
2

�

; (2.13)

with the oscillator frequency
! = 1=

p
LC (2.14)

This is the standard quantum harmonic oscillator spectrum, where energy levels are
equally spaced by~! .
In the quantum ground statej0i , the expectation values of̂� and q̂ vanish, but their
variances do not. These �uctuations are known as zero-point �uctuations:

h0j�̂ 2j0i = � 2
zpf =

~Z
2

; (2.15)

h0jq̂2j0i = q2
zpf =

~
2Z

: (2.16)

It is useful to think of them as voltage and current vacuum �uctuations, because
voltage is just

V̂ =
Q̂
C

= �
1
C

iqzpf(â � ây) = � iVzpf (â � ây) (2.17)

where we used

Vzpf =

s
~!
2C

(2.18)

7



2. Theory

It is useful to express the zero-point �uctuations in terms of the resistance quantum

RQ =
~

(2e)2
� 6:45 k
 ; (2.19)

which naturally appears when working with superconducting circuits and Josephson
junctions. We will also see it while discussing the Josephson junction array of
�uxonium.
We can de�ne the dimensionless impedance ratior = Z=RQ, which allows us to
express the ZPF amplitudes as

� zpf =

s
~Z
2

=
~
2e

r
r
2

; qzpf =

s
~

2Z
= 2e

s
1
2r

: (2.20)

These expressions highlight the duality between charge and �ux: circuits with large
impedance (e.g., superinductors [14]) exhibit large �ux �uctuations and small charge
�uctuations, while low-impedance circuits (e.g., transmons[15]) do the opposite.
This balance plays a central role in the design of superconducting qubits.
Before quantising a lumped�element circuit we must check that the system is indeed
able to resolve its discrete quantum levels. Two inequalities guarantee this [16, 11]:

�
|{z}

linewidth

� ! 0
|{z}

level spacing

() Q �
! 0

�
� 1 (2.21)

kBT � ~! 0 (2.22)

Equation (2.21) demands a high quality factor; superconducting metals are there-
fore employed to suppress Ohmic loss and reachQ � 105� 7 in planar resonators.
Equation (2.22) requires dilution�refrigerator temperatures (T . 20 mK so that
kBT=h� 0:4 GHz � ! 0=2� for qubit frequencies in the4� 8 GHz band).

As we are using superconducting metal, namely Aluminum in our experiments,
we have some additional spectral safety margins. The bulk plasma frequency of
aluminium is ~! p � 15 eV (! p=2� � 3:6 PHz) [17]. Because our microwave drive
satis�es ! 0 � ! p, plasmon modes are pushed far out of the spectrum and can
therefore be neglected.
Cooper-pair breaking sets in when~! exceeds the gap energy2� Al ' 3:4� 10� 4 eV,
which corresponds to a threshold frequency [18, 17]

f gap =
2� Al

h
� 8:2 � 1010 Hz (82 GHz): (2.23)

Operating in theGHz range (! 0 � 2� Al =~) keeps Cooper pairs intact and suppresses
quasiparticle-induced dissipation.
Taken together, inequalities (2.21)�(2.22) and the two spectral cut-o�s above de�ne
a safe window in which lumped superconducting circuits behave as clean, low-loss
oscillators that can be quantised. We can now assign a clear physical interpretation
to the modes of the electrical quantum harmonic oscillator: they correspond to the
dissipationless �ow of Cooper-pair current between the capacitor plates at the dis-
crete frequenciesn! , where the fundamental frequency! is de�ned in Eq. (2.14)[19].
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2. Theory

2.1.2 Josephson junction non-Linearity

Quantum LC oscillators, like their mechanical analogs, have equidistant energy spec-
tra. In order to be able to discriminate energy levels, we would need to add some
kind of nonlinearity to the system. Circuit-QED solves this by inserting aJosephson
junction�a dissipation-free but strongly non-linear inductor whose dynamics obey
the dc and ac Josephson relations [20]:

I s(t) = I c sin� (t); (2.24)

V(t) =
~
2e

_� (t) =
� 0

2�
_� (t); � 0 �

h
2e

� 2:07� 10� 15 Wb; (2.25)

where I c is the critical current and � the condensate phase drop across the tunnel
barrier. BecauseI s dependssinusoidally on � while V / _� , even a single junction
breaks the harmonic ladder.
Starting from (2.24) take its time derivative:

_I s(t) = I c cos� (t) _� (t): (2.26)

De�ne an instantaneous inductance L J (� ) through the usual inductor rule V =
L J

_I s. Eliminating _� gives

� 0

2�
_� = L J (� ) I c cos� _� =) L J (� ) =

� 0

2� I c cos�
(2.27)

Hence the Josephson inductance is stronglynon-linear, diverging at � = � �= 2 and
reducing, for small oscillations, to

L J 0 = L J (� =0) =
� 0

2�I c
: (2.28)

We can derive energy stored in such an inductor following way :
Any lumped element obeys

U(t) =
Z t

0
v(t0) i (t0) dt0; (2.29)

wherev is the voltage across the element andi the current through it. Inserting the
equations (2.24) and (2.25):

UJ =
Z

v i dt =
Z

I c sin�
� 0

2�
_� dt =

� 0I c

2�

Z
sin� d�

=
� 0I c

2�

�
1 � cos�

�
= EJ

�
1 � cos�

�
; (2.30)

where EJ � � 0I c=2� is the Josephson energy. Up to an irrelevant constant, the
Josephson potential is therefore

UJ (� ) = � EJ cos�: (2.31)
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2. Theory

2.1.3 Coplanar waveguide transmission-line modes

Waveguides channel EM �elds along a speci�ed axis by means of boundary condi-
tions. In planar superconducting chips, the most widely used geometry is coplanar
waveguides [21], where a centre conductor of widthw is separated from two ground
planes bys, both of thicknesst. This geometry supports a quasi-TEM mode, where
the electromagnetic �elds are mostly contained between the gap of the center conduc-
tor and two ground planes. In our experiments, Aluminum is used as a conductor,
which is deposited on Silicon.
If we cool down this structure below the critical temperature for superconductivity
(� 1:2K for Aluminum), we essentially get lossless propagation of EM �elds along
the waveguide [11]. We can model this geometry by lumped-element analog, with
per-unit-length capacitanceC0 and inductanceL0. Line's characteristic impedance
and propagation speed become[22]:

Z0 =

s
L0

C0
vp =

1
p

L0C0
(2.32)

If the CPW is terminated at only one end, it forms asemi-in�nite transmission line.
Quantizing then yields a continuum of modes,aw ; w 2 [0; 1 ); with a Hamiltonian

ĤTL =
Z 1

0
d! ~! ây

! â! (2.33)

Any quantum circuit coupled with rate � obeys the input�output relation

aout (t) = ain (t) �
p

� b (t); (2.34)

so the line acts as ane�ective dissipative bath: although the aluminium CPW itself
is virtually loss-free, photons that leak into the continuum never return [19].
If the same aluminium CPW is terminated (shorted or open) at both ends �for
it becomes a Fabry�Pérot cavity with standing-wave boundary conditions. For a
section of physical lengthL the resonance frequencies are

f (�= 2)
n =

(n + 1) vp

2L
; f (�= 4)

m =
(2m + 1) vp

4L
; n; m 2 N; (2.35)

depending on whether each end is open or shorted.
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2. Theory

2.2 Fluxonium

The �uxonium arti�cial atom, introduced in 2009 [23], o�ers two major advantages
over the Cooper-pair box and the transmon: (i) reduced sensitivity to o�set charge
and (ii) larger intrinsic anharmonicity. The circuit is built by shunting a small
Josephson junction (EJ � 5� 10 GHz) with a superinductor, forming a loop whose
transition spectrum can be tuned by an external magnetic �ux.
Purely geometric inductors are limited to characteristic impedances below the vac-
uum impedanceZ0 =

q
� 0="0 ' 377 
 . To reach the large phase-�uctuation regime

h� 2i 1=2 & 1 one instead uses kinetic inductors: a series array ofN Josephson junc-
tions, each with L J = (� 0=2� )2=EJ , gives

Larray = NL J ;

providing hundreds to thousands of nanohenries of inductance without dissipation
[24].
With sub-gigahertz level spacing at the sweet spot (f 01 . 1 GHz) a �uxonium at
dilution-refrigerator temperatures naturally sits in the regimekB T � hf 01: thermal
excitations need to be taken into account, for example during the reset, yet at this
point coherence times become large. This operating point, combined with strong
anharmonicity, makes �uxonium a possibly useful platform for quantum thermody-
namics: potential applications in �uorescence-based resonator-free readout, electro-
magnetically induced transparency, and� -systems.

Figure 2.3: Fluxonium device used in this thesis. It comprises of two superconduct-
ing pads, connected via single Josephson Junction and Josephson Junction array,
�ux line and a waveguide.
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2. Theory

2.2.1 Circuit topology and Hamiltonian

The �uxonium circuit consists of three lumped elements in parallel:

ˆ a small Josephson junction with Josephson energyEJ ,

ˆ a large linear inductanceLarray provided by a series array ofN Josephson
junctions,

ˆ a stray shunt capacitanceC to ground.

Now let us write down the Lagrangian of the circuit. If we choose �ux across the
single Josephson junction as an independent variable, the classical Lagrangian of
the system will be:

L =
C
2

_� 2 + EJ cos
� 2� �

� 0

�

�
1

2Larray

�

� � � ext

� 2

: (2.36)

Then let us promote the classical variables to quantum, and introduce the reduced
form, n̂ = Q̂=2e; �̂ = 2� �̂ =� 0; � ext = 2� � ext =� 0: Now the Hamiltonian reads:

Ĥ = 4EC n̂2 � EJ cos(̂� � � ext ) +
1
2

EL �̂ 2 (2.37)

2.2.2 Energy spectrum and eigenstates

The �uxonium Hamiltonian gives rise to two di�erent sets of excitations - plasmons
and �uxons. Numerical diagonalization in the coordinate (�ux) basis

D
�

�
�
� k

E
yields

the spectrum. Now we can analyze this spectrum for di�erent parameters. The
three energy scales and external �ux play di�erent roles.

Changing the Josephson energyEJ changes, as expected, the nonlinearity of the
system. If EJ is small, the circuit is to a good approximation an LC oscillator;
therefore, increasingEJ also increases the anharmonicity. At half a �ux quantum
(� ext = � 0=2), we see thatEJ sets the height of the barrier between the two wells.
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2. Theory

(a) Changing E j while �xing other parameters at zero external �ux. Solid black:
potential U(� ). Colored solid/dashed: energy and wavefunctions (respectively) of
the �rst four states.

(b) ChangingEJ while �xing other parameters at half a �ux quantum.

We can also see how changingEL a�ects the spectrum. Increasing it makes the
spectrum more harmonic. That is why usually �uxoniums operate in theEJ =EL � 1
regime, which makes the circuit more anharmonic. Therefore, the ratioEJ =EL

determines the system's harmonicity.

(a) ChangingEL while �xing other parameters at zero external �ux.

(b) ChangingEL while �xing other parameters at half a �ux quantum.
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